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1. Publication Resulting from Grant AFOSR 76-2999 to Date

Under the present grant we produced the following papers and reports:

(1) Abdel-Hameed , M. S. (1976) Optima l replacement policies for devices
subject to a ganina wear process, AFOSR Technical Report No. 1 , Univers i ty
of North Carolina at Charlotte . Appeare d in The Theory and Applicati ons
of Reliability wi th Emphasis on Bayesian and Nonparametri c Methods, ed.
by C. P. Tsokos and I. N. Shimi (Invited Paperj~ Academic Press, 397—412.

(2) Abdel-Hameed , M. S. (1977) Optimality of the one step l ook—ahead
stopping times , AFOSR Technical Report No. 2, University of North
Carolina at Charlotte . Appeared in J. Appl. Prubability 14, 162-169.

(3) Abdel-Hameed , M. S. (1976) When to stop a war, AFOSR Technical Report
No. 4, Universi ty of North Carolina at Charlotte . Presented at the
1976 IEEE Conference on Decision and Control . (Invited Paper)

(4) Abdel-Hameed , M. S. and Sampson , A. (1976) Positive dependence of the
bivariate and trivari ate, absol ute normal , t, x2, and F distributions ,
AFOSR Technical Report No. 5, University of North Carolina at Charlotte .
Submi tted for publicati on in Ann. Statist.

(5) Abdel-Hameed , M. S. (1976) Discrete version of Dynkin ’s identity ,
AFOSR Technical Report No. 6, University of North Carolina at Charl otte.

(6) Abdel-Hameed , M. S. Optimal replacement of damaged devices , AFOSR
Technical Report No. 7, University of North Carolina at Charlotte .
To appear in the March issue of J. Appl. Probability .

In addition to performing the research from which the above papers

and reports resulted , the Pri nciple Investi gator presented invited papers

and otherwise participated in the following conferences:

1. Conference on “Theory and Applications of Reliability with Emphasis on
Bayesian and Nonparametri c Methods ,” held at the University of South Flori da .
(Invited)

2. The Twelfth Annual Confe rence in Statistics and Computer Sciences , held
at The Institute of Statistical Studies and Research-Cairo University .
( Invited)

3. The 1976 IEEE Confe rence on Decision and Control , Sponsore d by SIAM and
IBM. (Invited)
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2. Research Progress in Probabilistic Aspects of Shock Models and
Wear Trocesses

2.A . Abdel-Hameed and Proschan (1973 and 1975) studied life

distributions of devices subject to a sequence of shocks occurring

randomly i n time as events i n a nonhomogeneous Poi sson process and pure

birth process. Assume that {N(t), t >0 ) is a process describing

the amount of shocks in the interval [0, t]. Let 
~k 

be the

probabili ty that the device survives the fi rst k shocks , k = 0, 1 ,...,

then the continuous time survival probabilit y (the probability that

the device survives till a given time) 11(t) can be represented as:

(2.1) 11(t) = E
~N(t) 

t >O •

Note th; the above model the probability of surviving the first

k shocks, 
~k’ 

ndependent of the time at which shocks occur. Under

the present grant we treated the more general model where we assume that

these probabilities are time dependent. More explicitly, we let Pk(t)

denote the probability of surviving the first k shocks conditional

on the fact that these shocks occurred in the interval [0, t]. In

th i s  case we have that

(2.2) 11(t) = EPN(t)(t) , t > 0.

A sample of the results obtained are: If ~N(t), t > 0) is a Poisson

process, then

(a) If for each t > 0 {
~k
(t))

~~o 
Is a discrete Increasing

failure rate (IFR) survival probability , and if for each k in

{0, 1 ,.. ) {
~k
(t), t > 0) is decreasing in t > 0, then 11(t ) is a

continuous IFR survival pribability . ‘

_ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _- _ _ _ _ _

~~

.. ~~~~~~~ --~~~~ ._..—
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(b) If for each t > 0 {
~k
(t))

~~O 
is a discrete increasing

failure rate average (IFRA ) survival probability , and if for each k

in ~O , 1 ,...) {Vk(t), t >0) is decreasing in t > 0 , then 11(t) is

a continuous IFRA survival probability .

(c) If for each t > 0, {
~k
(t)}

~...o 
is a new better than used

(NBU) survival probability , and for each k in {0, 1 ,...) 
~
Pk(t), t > 0)

is submultiplicative , then 11(t) is a continuous NBU survival probability.

These results , along with a number of related results , will appear

in an AFOSR Technical Report in the near future. These results include

stochastic comparison between pairs of systems governed by the above

shock processes having di fferent shock survival probabilities

{
~l ,k(t)} =o, and

2.B. Abdel-Hameed (1975) assumed that a device is subject to wear

occurring randomly in time as a nonhomogeneous gama process

{X(t), t > 0), with mean A(t). If the device has probability ~(x)

of surviving x amount of wear , then the continuous time survival

probability, 11(t), can be written in the form

(2.3) 11(t ) = E~(X (t)).

He shows that life distribution properties of the wear survival

are Inherited as a corresponding property of the continuous time

survi val probability 11(t).

Under the present grant we treat the more general case where the

probability of survi ving an x amount of wear depends on time of wear.

In this case we replace ~(x) by ~(x , t) and Equation (2.3) is then

replaced by

(2.3’ ) 11(t) E~(X(t ) ,  t)

_______________________________ S 
- _~_ — -~~~~~~~~~ - - ~~~~~~~~~~~~~~~~ - — ~~~~ 4
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Results similar to those mentioned in 2A ha’t’e been obtained

under the present grant.

3. Research Progress on Maintenance and Replacement Policies for
Devices Subject to Shocks or Wear.

3.A. One of the major accomplishments under the present grant is

the research done by the principl e investigator in this crucial and

useful area of reliability theory. Taylor (1975) discusses optima l

replacement policies for devices subject to a sequence of shocks

occurri ng randomly in time as events in a homogeneous Poisson process.

He assumed that shocks cause damage and damages accumulate additively.

Replacement can occur before or at failure . Replacement at failure

cost s c doll ars and replacement at fail ure costs c - k doll ars ,

0 < k < c. He showed that the optimal replacement pol icy is the first

time the accumulated damage exceeds a fixed threshold. Feldman (1976)

treated the case where shocks cause damage and damages accumulate

additively, but the accumulated damage process is semi -Markovian. He

defines control limi t policy to be the one in which there is a fixed

real value a suc h that the sys tem is replaced as soon as the

accumula ted damage is greater than a or when a failure occurs , whichever

comes fi rst; otherwi se the system Is left alone. He then finds the

optimal control limi t policy . In a recent paper, that will appear in

J. App . Probability, the principl e investigator shows that the optima l

control limi t policy is optima l not only among the class of control

limi t policies but among the class of all replacement policies that

depends on the accumulated damage . However , this happened to be true

when the shocks occur at a di screte time intervals and according to a

Poisson process.

____________________________ - •~~~~~~~~~~~ 0~~~ - . — ~~~~~~~~~~~~~~~~ - — 5 — ~~~~~~~~~~~ 
. . — - . - - —~~~~~ ~~~~~~~~~~~~ — 

...—.-——-—. ——~~~~
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3.B. Abdel-Hameed (1975) treats a continuous version of wear

processes. In particular , he assumes that a device is subject to wear

and wear occurs randomly in time as a gama process. If ~(x) is the

probability that the device survives x units of wear , x > 0, he

relates life distribution properties of ~ to the corresponding

property of the continuous time survival probability . Under the present

grant we treat optimal replacement policies for such devices. The

resul t of this research appeared in The Theory and Applications of

Reliability with Emphasis on Bayesian and Nonparametric Methods, Vol. 1.

3.C. The research accomplished under the present grant in the area

of maintenance and replacement policies for devices subject to shocks

or wear led to the followi ng result which provides a necessary condition

for the optimality of the one step look-ahead stopping times. Let

n = 0, 1 ,. . .) ,  X0 
= x be a discrete-time homogeneous Markov

process wi th state space (E,8), g and c are two B measurable functions ,

and a is in (0, 1]. Assume that A~g(x) is the expected conditional

change derived by continuing one more stage then stopping now , i.e.

Aag(X) = cxE~g ( x 1) - g(x). Consider the set B c B, defi ned by the

relation B = {x:A~g(x) ~ c(x)}. Let F = {T(stopping time):E~[J’g(x~)I(r>N)]

N-l
and E

~
[ ~ anA~g(x )I(T >N)] -~~ 0 as n ~‘ °°). Then the Markov time
n=0

= inf{n:x,~ c B) is optimal in the sense that

T*_l
~1* r fl t r n

E~
[a g(x~~) - L a c (x~)] = sup [a g(x1) - L a c(xn fl~n=0 T C F  n=0

Applications to rel iability and probability is considered. These results

appeared in J. App . Probability (1977). 14 , 162-169

— — —-— —S  . ~~~~~~~~~~~ -~~~~~~~~~ . . .  t.~~~~~~~~ 
-. •  

~~~~~~- W wr ~~~ - .
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3.D. From the experiences gained from studying the above replacement

policies , it became clear that the following general result in Markov

processes is present: Let (X~ Fn~ ~~~ 
n = 0,1 ,...; X0 

= x be a

discrete time homogeneous strong Markov process. The state space (E, B)

is assumed to be a measurable space , where B is a sigma-algebra

containing all subsets of E consisting of one point. Assume that f

is a S measurable real val ued function , and g is a function with

support {O , 1 ,...). Define the infinitesimal generator of f by the

rel ati on.ship

Af(x) = E
~
f(Xi) 

— f(x),

and let

Ag(n) = g(n + 1) - g(n),

then for any Markov time i satisfying the conditions:

TT~ E [~g(N)f(X1~)lI(T > N)] = 0,

N- 1
TT~ E

~
[ ~ J g(n + l )Af(Xn)II(T > N)] = 0,

N- ’ ” n=0
and N-l

lim Ex[ ~ IA 9(n)f(X~)II(t > N)] = 0,
n=0

we have the following identity :

E(g(i)f(x ) - g(0)f(x) = E
~
[ ~ g(n + l)Af(Xn)1 + E

~
[ 
~ 
f(Xn)Ag(n)]•~

1• 
n=O n=0

This result provides a generalization of Dynkin ’s identity which

is given in pp. 131-134 of Vol . I of his book on Markov processes.

In reliability context If {Xn i n = 0, 1 ,...) is a process

describing the total damage a device is subject to, and if f(x) is a

function describing the cost of replacing the device when It is subjected

to an x amount of damage, T is a replacement policy , and g(n) is the

— -. - S. - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~~ - — —~~~~~~~ .
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discounting factor at time n , then the left-hand side of the identity ,

appropriately modi fied by subtracting a constant , describes the expected

cost using the policy ~t. This identity provides means for expressing

the expected cost in terms of the generators of the cost function and

the discounting factor g. It played a major role in the paper “Optima l

replacement policy for devices subject to a ganina wear process ,” and

“optimal replacement of damaged devices ” discussed in the fi rst page of

the report.

4. Research Progress in Positive Dependence of Life Distributions

Multivariate life distributions i.e., multivariate distributions

of nonnega t ive  random var iabl es , have so far received a limited amount

of attention in the literature . The methods of generating them in

reliability context have been motivated by shock models. Examples of

such distributi ons are the multi variate exponential distribution defi ned

by Marshall and 01km (1967), and the nw]tivariate weibull distribution ,

defi ned by Johnson and Kotz (1975). Marshall (1975) defines the concept

of hazard gradient and relates it to mul tivariate life survival

probability .

The shock model basis for such multi variate life distributions

guarantees the existence of some kind of positive dependence between

the components of such distributions . There are many situations , however ,

in which the positive dependence of multi variate life distributions cannot

be adequately model ed by shock proces~es. This leads to the followi ng

question : Can one develop a technique for generating associated

mul ti variate life distributions?

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - ~~~~~~~~~~~~~~~~~~~~~
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Under the present grant the Principle Investigator and Allan

Sampson provided a partial answer to the above raised question. They

provided necessary (and in some cases sufficient) conditions for some

of the well-known mul ti variate life distributions to be positively

dependent. In particular they show that the biva riate and the

trivariate absolute t-distr jbutions are associated. These results are

then used to show that a general i zed bivariate and trivariate x2, and

F distributions are associated.

L . .—~~~ — 
- - S-5-———..- — 5— — - - ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~


